Abstract. In this paper we present a model to calculate the stringy product on K-theory of Adem-Ruan-Zhang for abelian complex orbifolds when the orbifold is presented as the quotient of a manifold acted by a compact abelian Lie group. We describe the relations with the product defined by JarvisKaufmann-Kimura and, via a Chern character map, with the Chen-Ruan cohomology. We also explicitely calculate the stringy product in K-theory for a weighted projective orbifold.
Introduction
This paper is devoted to the study of the stringy product on the K-theory of the inertia orbifold defined by Adem-Ruan-Zhang [ARZ] in the case that the orbifold is presented as the quotient of a manifold by the action of a compact abelian Lie group [M/G]. By means of methods used to understand the obstruction bundle developed in [CH06, JKK07] , we were able to give a very explicit description of the obstruction bundle in terms of G-equivariant bundles. With this model in hand, the calculation of the obstruction bundle becomes a simple diagonalization procedure and a projection onto some of the components. One of the key advantages of this construction is that everything can be performed without the use of rational coefficients, and therefore the torsion classes of equivariant K-theory are not disregarded.
We also construct a stringy ring on the K-theory of the Borel construction of the inertia orbifold, similar to the stringy structure in K-theory that was defined in [JKK07] . This construction does not need rational coefficients either, and uses the same principle of the stringy product.
Applying a calibrated Chern character map (mainly due to Jarvis-KaufmannKimura [JKK07]), we were able to prove that there is a ring homomorphism between the stringy ring on the K-theory of the inertia orbifold and the Chen-Ruan cohomology of the orbifold. We come to the conclusion that the right place to study stringy products is K-theory and not cohomology, this due to the fact that the torsion classes in the stringy K-theory are present.
We calculate a explicit example of the rings that we have defined in the case of a weighted projective orbifold, and for doing so, we make use of a decomposition of equivariant K-theory developed in [AR03] The paper is organized as follows. In section 2 is defined the stringy product on the K-theory of the inertia orbifold and the decomoposition of the obstruction bundle is explained. In section 3 we explicitly calculate the stringy K-theory ring for the weighted projective orbifold CP [p : 1 : · · · : 1]. In section 4 we construct stringy products on the K-theory and in the cohomology of the Borel construction of the inertia orbifold, we construct a calibrated Chern character map that becomes a ring homomorphism and we finalize with the construction of the ring homomorphism between the stringy ring on K-theory and the Chen-Ruan ring. In section 5 we make some conclusions regarding the construction.
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Stringy product on the K-theory of the inertia orbifold
Let M be a compact manifold and G a compact abelian Lie group that acts almost freely on M , such that the orbifold [M/G] is endowed with an almost complex structure. In what follows we will define a stringy product on the equivariant Ktheory of the inertia orbifold of [M/G] in as much the same way as the Chen-Ruan product in orbifold cohomology. We will show that our definition will be equivalent to the one defined in [ARZ] without twisting. The key ingredient of the definition will be the obstruction bundle and its construction will be outlined in this section.
Consider the set C = {g ∈ G|M g = φ} where M g denotes the fixed point set of the action of g. As G is compact abelian and the action is almost free, the set C is finite.
In the case that we are interested, the inertia orbifold (see [Moe02] 
where G acts in the natural way.
Definition 2.1. The stringy K-theory of the inertia orbifold K st ([M/G]), as a Z-module, is defined as the K-theory of its inertia orbifold, i.e.
Note that the summands in the right hand side are in G-equivariant K-theory [Seg68] .
The ring structure of the stringy K-theory defined in [ARZ] uses the genus zero, three point function, Gromov-Witten invariants approach. In this paper we will show an equivalent description for this ring structure that has the advantage that it is very simple to use when one wants to calculate explicit examples.
2.1. Obstruction bundle. Let's start by noting that as the orbifold [M/G] is almost complex, then the normal bundles of the fixed point sets M g are all Gequivariant complex bundles. Now, take g, h ∈ C and consider the space M g,h := M g ∩M h . As g and h commute, then one can simultaneously diagonalize the action of g and h on the normal bundle V g,h of the inclusion M g,h → M . Then V g,h is a complex bundle isomorphic to V 1 ⊕ · · · ⊕ V k where V j is simultaneously the eigen bundle of 2πa j for the action of g and of 2πb j for the action of h; we take here 0 ≤ a j , b j < 1. Note that (and this is a key fact) as the group G is abelian, then all the bundles V j are G-equivariant (this construction is performed in each connected component of M g,h ).
Definition 2.2. The obstruction bundle D g,h for the pair g, h is defined as:
and is a G-equivariant bundle over M g,h .
Remark 2.3. If we take k = (gh) −1 and 2πc j the eigenvalue of the action of k in V j (0 ≤ c j < 1), then we have also that
This bundle is the obstruction bundle that is given in [CH06, Prop. 1 page 65] for abelian orbifolds. We are adding the fact that this bundle is G-equivariant.
The obstruction bundle D g,h defined above is equivalent to the obstruction bundle given in [JKK07, Def. 1.5] in the case that the group G is finite. Let's recall their definition.
For g ∈ C split the normal bundle W g of the inclusion M g → M into eigen bundles of the g action. Let W l g be the eigen bundle of 2πa l and define the bundle
Lemma 2.4. When the group G is finite, as bundles over M g,h , the bundles D g,h and B g,h are isomorphic.
Proof. Let's write the bundle B g,h in terms of the bundles V j . By restriction we have that
2.2. Stringy Product on K-theory of the inertia orbifold. With the obstruction bundle in hand, we can define now the stringy product on the K-theory of the inertia orbifold. Let's denote the inclusions by
Definition 2.5. For the almost complex orbifold [M/G], define the stringy product ⋆ in the stringy K-theory K * st ([M/G]) as follows:
where g, h ∈ C and the pullbacks and pushforwards are defined in the equivariant setup.
Proposition 2.6. The ring structure in K * st ([M/G]) defined above in definition 2.5 is the same as the ring structure defined in Definition 7.3 of [ARZ] .
Proof. By remark 2.3 above we know that in Proposition 1 of [CH06] it is proved that the obstruction bundle of the Chen-Ruan cohomology is isomorphic to the obstruction bundle D g,h . As in [ARZ] the obstruction bundle is the obstruction bundle of the Chen-Ruan cohomology [CR04] , then the two ring structures agree.
2.3. Associativity. The fact that K * st ([M/G]) together with the stringy product in K-theory is associative is proved in Theorem 7.4 [ARZ] . It is basically the same proof that is given in lemma 5.4 of [JKK07] but in the equivariant setup. We are not going to reproduce the proof in here because it would be redundant. Instead, we will write some words on the key ingredient of the proof which is the equivariant version of the excess intersection formula of Quillen.
In Proposition 3.3 of [Qui71] it is shown that for the inclusion of almost complex manifolds
holds in cohomology where e(E(S, S 1 , S 2 ) is the Euler class of the bundle
This bundle is known as the excess intersection bundle.
The formula also holds in K-theory, namely
. Both formulas rely on the fact that for a complex bundle E → V with zero section σ : V → E, one has σ * σ * x = e(E) · x in cohomology and σ
In the case that the bundle E → V is equivariant, Segal showed that the formula σ * σ ! F = λ −1 (E) ⊗ F also applies to the equivariant setup [Seg68, Page 140]; therefore the excess intersection formula of Quillen holds in the case that the manifolds S, S 1 , S 2 , V and the maps i i , j 1 , i 2 , j 2 are all equivariant.
With the equivariant excess intersection formula in hand, the associativity boils down to check the following equality in
The proof follows the same lines as the proof of lemma 5.4 of [JKK07] ; we only need to remark that in our case all the operations are done in the G-equivariant setup. We will not reproduce the proof. In this section we are going to calculate the stringy K-theory in the case of the weighted projective orbifold CP [p : 1 : The set C is equal to the elements in the group Z/p ⊂ G which we will denote by {g 0 = id, g 1 , . . . , g p−1 } = C. The fixed point sets are
The G action on M gj is the same as the action of G on the space S 1 /(Z/p) given by rotation. Then as a Z-module
As the action of G in M gj ∼ = S 1 /(Z/p) is almost free and the isotropy is Z/p then we know that
, where R(Z/p) is the Grothendieck ring of Z/p representations. Therefore, the stringy K-theory, as a Z-module is isomorphic to
The normal bundle V j,k is the trivial bundle S 1 × C n over S 1 , where the circle action is given by λ(η, z) = (λ p η, λz). Then the normal bundle can be seen as nW ∈ R(Z/p) ∼ = K * S 1 (M gj ,g k ) where W is the one dimensional irreducible representation whose character is e 2πi p . Going back to the obstruction bundle, we have that
this is because the action of g j on the normal bundle V j,k is given by multiplying by e 2πi p j . Having defined the obstruction bundle, we need to explicitly determine the pullbacks and pushforwards of the inclusion maps. The first step is to calculate explicitly K * G (M ), and for this we are going to use a decomposition theorem for orbifold K-theory due to Adem 
where (C) ranges over conjugacy classes of cyclic subgroups,
and Q(ξ |C| ) is the cyclotomic field where ζ |C| is a primitive |C| − th root of unity.
For a cyclic group C, the map from left to right is the composition of maps
where: φ is the restriction map; ψ is defined such that for any
α is the natural map from equivariant K-theory to the K-theory of the Borel construction; and β is the map obtained from the isomorphism
that comes from the rational acyclicity of the fibers of the map
, and the ring map R(C) ⊗ Q → Q(ζ |C| ) whose kernel is the ideal of elements whose characters vanish in all generators of C.
Going back to the weighted projective orbifold M/G, we have
Proof. From theorem 3.1 we have that
and the quotient spaces are: M/G = CP (p : 1 : · · · : 1) and
We are left to calculate the K-theory of the weighted projective space CP n w := CP (p : 1 : · · · : 1); this we will do by calculating its cohomology.
The space CP n w has only one orbifold point whose neighborhood looks like the quotient of C n by the diagonal action of Z/p. Then the space CP n w can be thought as a smooth manifold because the orbifold point can be removed.
If we consider the inclusion j : CP n−1 → CP n w that skips the first variable, then we get the following short exact sequence:
As H * (CP n−1 ) = Z[y]/ y n then there must exist x ∈ H 2 (CP n w ) with j * x = y. As the transversal intersection of the submanifold j(CP n−1 ) with itself n − 1 times inside CP n w gives p points (this is because the normal bundle of the inclusion j is isomorphic to the p-th power of the canonical line bundle over CP n−1 ), then x n must be p-times the image of the generator of H 2n (CP n w , CP n−1 ).
Therefore we can conclude that
with rational coefficients and taking z := p
and by the Chern character isomorphism
where ch(1 − u) = z.
For the fixed point set M Z/p we already know that
Applying again theorem 3.1 we have that Lemma 3.3. There is a ring isomorphism 
Lemma 3.4. The pullback of the inclusion map
Proof. It follows directly from lemmas 3.3 and 3.2.
The pushforward i ! of the inclusion follows the same lines.
Lemma 3.5. The pushforward
Proof. The application in the first coordinate is the pushforward in K-theory of the inclusion of a point into the weighted projective space CP n w , and the application of the second coordinate is the image in Q(ζ) of the map i
where nW represents the class of the normal bundle of the inclusion i as a G equivariant bundle.
We can finish this section by giving the explicit calculation of the stringy product in the orbifold K-theory of [ 
with the product defined by the following cases:
Proof. From formula 3.2 we know that the if obstruction bundle is different than zero then it is precisely the normal bundle. Therefore the Euler class of the obstruction bundle is 1 in the case that the bundle is zero, and (1 − ζ) n in the case that it is the normal bundle. The product structure ⋆ follows from the definition 2.5 and of lemmas 3.2 and 3.3.
Relation with Chen-Ruan Cohomology
In this section we want to prove that there is a homomorphism of rings from the stringy ring of the K-theory of the inertia orbifold to the Chen-Ruan cohomology. We will show this fact by first constructing a ring structure on the K-theory of the Borel construction of the inertia orbifold. Then, via the some modified version of the Chern character map, we will construct a ring structure on the cohomology with rational coefficients of the Borel construction of the inertia orbifold. This latter ring, once tensored with Q, will be isomorphic to the Chen-Ruan cohomology.
4.1. Stringy K-theory for the Borel construction of the inertia orbifold. Let's start by reviewing the relation between equivariant K-theory and the K-theory of the Borel construction (see [AS69] ).
For any G-space N with N G := N × G EG, let's denote the map τ N : K G (N ) → K(N G ) that takes any G-equivariant complex vector bundle F over N and maps it to τ N (F ) = F G := F × G EG a complex vector bundle over N G . This map is a ring homomorphism and has very nice properties: it behaves well under restriction and pushforwards, namely, if we have an inclusion of G-manifolds i : W → N , then
and it behaves well under the map λ −1 , i.e. 
can be endowed with the ring structure ,h (D g,h ) ). Proof. The associativity of the product • follows from the associativity of ⋆ (see section 2.3) and the properties of the maps τ .
Remark 4.2. The construction above of theorem 4.1 is due to Jarvis-KaufmannKimura [JKK07] when one considers the coarse moduli space of the inertia orbifold. Ours generalizes it to the Borel construction. 
) and consider the following set of equalities:
The theorem follows. 4.2. Chern Character. We can define a stringy product on the cohomology of the Borel construction of the inertia orbifold of [M/G] in the same way that it was done in the previous section.
Proposition 4.4. The cohomology of the Borel construction of the inertia orbifold
can be endowed with the ring structure To construct this calibrated Chern character we need to recall some properties of the Thom ismorphisms in K-theory and in cohomology (see for instance [AS68, section 2]).
Let X be a manifold and V a complex vector bundle over X. Let
be the Thom isomorphisms in K-theory and in cohomology respectively. Then, for any u ∈ K * (X) one has
where the cohomology class µ(V ) is defined as
where the x i 's are the Chern roots of V . Moreover, the class µ(V ) is multiplicative, i.e. µ(V ⊕ F ) = µ(V ) · µ(F ) and measures the difference of the Chern character of the Euler class in K-theory with the one in cohomology, namely
If we have an inclusion of manifolds i : X → Y with normal bundle V and pushforward maps
then one has the equality
where in this case the cohomology class µ(V ) has support on the normal bundle of X.
We are now ready to define the Chern character map for the orbifold K-theory.
Definition 4.5. [JKK07, Formula (55)] The orbifold Chern character is the homomorphism
where the G-bundle F g over M g is defined in formula 2.1.
The fact that the orbifold Chern character is a ring homomorphism depends on the following lemma. Lemma 4.6. In K G (M g,h ) the following equality holds
The equality then holds from the fact that D g,h = B g,h where B g,h is defined in formula 2.2.
Applying the homomorphism τ M g,h and the map µ we get, Corollary 4.7. 
and consider the following set of equalities:
From the second to the third line we used formula 4.1, the fourth line is by the properties of the pushforward and the fifth line is by corollary 4.7.
Using the fact that the Chern character map becomes a Z/2 graded vector space isomorphism when one tensors the K-theory with the rational numbers, and because the classes given by µ are all invertible, we can deduce that Corollary 4.9. The orbifold Chern character is a ring isomorphism when one tensors the orbifold K-theory with the rationals, i.e.
is a ring isomorphism. Composing the ring maps τ , Ch and π * we obtain In the case of the weighted projective orbifold that we elaborate in section 3, we just need to disregard the coordinate of the cyclotomic extension of theorem 3.6; then we have that
Applying the orbifold Chern character, which in this case is simply the Chern character map, we obtain the Chen-Ruan orbifold cohomology of the weighted projective space:
where ch(1 − u) = x.
Final remarks
We would like first to emphasize certain conclusions that we can obtain from the present work. The stringy ring structures that are defined in this paper in K-theory and cohomology using the pull-push formalism are all done with integer coefficients except the Chen-Ruan product, which is defined with rational coefficients. This fact led us to believe that the appropriate place to study the stringy ring structures is at the level of K-theory and not cohomology. The relations with the K-theory, or any other cohomology theory, and the resolutions of singularities (as in algebraic geometry) need to be further studied.
